This paper studies measure properties of graphs with infinitely many vertices. Let [0, 1] denote the real unit interval, and y be the collection of bijections taking [0, 1] onto itself. Given a graph G = ([0, \\,E) and / € & , define the f-representation of G to be the set Ef = {{f(x),f(y)):x,y e [0,1] and (x,y) e E} . Let p be 2-dimensional Lebesgue measure. Define the measure spectrum of G to be the set M(G) = {m 6 [0,1]:3/ e & with Ef measurable and pEf = m) . Our main result characterizes those subsets of reals that are the measure spectra of graphs.
Introduction Consider an infinite graph G = ([0,l],E)
where [0, 1] denotes the real unit interval. To each bijection of [0,1] onto itself (i.e. each relabeling of the vertices of G ) there corresponds a subset of the unit square which is essentially the adjacency matrix of G under the specified labeling. This paper establishes some interesting relationships between the structure of a graph G and measure properties of its corresponding family of adjacency matrices.
Our notation is as follows. We consider undirected graphs G = ([0, l],E) without loops or multiple edges. Let G denote the complement graph of G. Let c denote the power of the continuum, N the natural numbers, and N+ the positive natural numbers. For 5 G N+ U {co} , define K (c) to be any complete 5-partite graph with color classes of cardinality c, and Kc to be any complete graph on c vertices. Let & be the set of bijections of [0, 1] This paper provides solutions to the following three problems:
(1) Describe the subsets of [0, 1] that are the measure spectra of graphs and relate M(G) to the structure of G.
(2) Give necessary and sufficient conditions on a graph G that insure E, is measurable for some f G3r. (3) Give necessary and sufficient conditions on a graph G that insure Ef is measurable for every f € SF.
Most of the paper is devoted to question (1) because (2) is essentially answered in Blass [Bl] , and (3) is relatively simple. As (1) is our main concern, let us get a feeling for what some typical measure spectra look like. 2. Graphs with peculiar measure spectra Proposition 2.1. There is a graph with empty measure spectrum.
Proof. The following construction is due to Sierpinski [Si] . Pick any bijection g:[0,1] -y c. Let E consist of those pairs (x,y) G [0,1] such that g preserves the order of x and y. The reader can verify that neither G nor G contains a Kc. Thus, looking ahead to Theorem 5.1, G has no measurable representation. D For « g N+ and / ,j G {0, ...,«-1}, define S" to be the open square (//«,(/+ 1)/«) x (j/n,(j +l)/n).
Proposition 2.2. For every n G N+ , there is a graph G" with measure spectrum
Proof. Take the edge set E defined in (ii) A is nonmeasurable.
Let Hx D A be a Gs set satisfying nxHx = ß°nieTA, and H2 d Ac be a Ga set satisfying pxH2 = /u°xuteTAc. Let H3 = HxnH2. Clearly, ßxHi > 0 since A is nonmeasurable.
Again, since A is nonmeasurable, ¡u2uleT(Bk n//3) > 0 for some k G {0,1, ... ,n -1} , say k = 0 without loss of generality. Let H4 D B0 n H3 be a G& set satisfying p2H4 = p2nteT(BQ n H3). . By Theorem 3.1, it is possible to chop the unit square into a matrix of little squares so small that if we shade only those squares in which 'S has density greater than 1 -ô , the set of shaded squares has measure within ô of m . By Turán's Theorem (see [Bo] ) from extremal graph theory, there exists an (r + 1) x (r + 1) submatrix of little squares such that (1) the submatrix is symmetric about the line y = x , and (2) all squares of the submatrix not lying on the line y = x are shaded. At this point, it is easy to show that G has a representation of measure m for every m G [m,(I -â)(l -l/(r+ 1))]. Since ô can be chosen arbitrarily small, G has a representation of measure m for every m G [m , 1 -l/(r + 1)). If we assume now that G has no representation with measure greater than 1 -l/(r + 1), then by Theorem 3.3, which asserts the existence of c-sized Cartesian squares in measurable sets satisfying certain properties, it can be shown that G has a representation of measure m for all
We now expand on these ideas formally. Given « e N+ , i,j G {0, ... ,n -1}, and a measurable subset F Ç [0,1] , define F"j -F n S"¡ where 5". is the open square (/'/«,(j + 1)/«) x (j/n, (j + 1)/«). For e G [0,1], say F is (.-dense in S", if /i2F"/Ju25'" > e . Let F"'£ be the collection of squares S"¡ in which F is e-dense. 
lim sup/ijF"^ < lim sup^20"'E = p20. Proof. Take en = 1 -1/2« and choose the points i>( in the appropriate intervals (i/n,(i + l)/n) randomly, independently, with uniform distribution. For each fixed i ^ j, the probability that (v¡, v.) fails to be in D is at most 1/2«2. So the probability that such a failure occurs for at least one of the «(« -1 ) pairs is less than 1/2 . Thus some choice of v¡ 's satisfies the conclusion. D Given a measurable subset F ç [0,1]', let <¡>(F) denote those points of [0,1]' at which F has density 1 with respect to Ju/.
For « g N, let {0,1}" denote the set of binary strings of length « . If a and p are two binary strings, let op denote the concatination of o and p .
Mycielski [My] showed that if E isa subset of the unit square of measure 1, then E contains P x P for some nonempty perfect set P c [0,1 ]. Theorem 3.3, stated below, is an improvement of this result. Although it is stated only for dimension 2, the proof can be easily adapted to give an analogous result in all higher dimensions. where a, is chosen so small that • Igcl'g forall rje{0,l}'; • ßyil'gD K2)/ax is sufficiently close to 1 for each a G {0, l}2 that the next inductive step can be performed; • n2[(l'a x l'p) n F]/a2x > e2, for all a, p G {0,1 }2 with er ^ />.
In the third step of the induction, we again use Lemma 3.2 to find points za el'af\K2 for each o G {0, l}2, so that (za,zp) G (p(F) forall a ,pG {0,1}2 with er / p , and continue.
Repeating this procedure indefinitely, we obtain a nested sequence of closed sets JQ D Jx D J2 D ■ ■ ■ . Let P be the intersection of these J¡. Then P is perfect and P x P -{{x,x): x G P} c F since F is closed. D Remark. The conclusion of Theorem 3.3 is not true if we assume only that {xe[0,l]:(x,x)e <i>(E)} has power the continuum. Proof. Fix an arbitrarily small positive S < m-(l-l/r). By Theorem 3.1, there is an integer «, such that \p1S'n'x~d -m\ < S holds for all « > «, . Notice that 2?"' ~ corresponds to the adjacency matrix of an «-vertex undirected graph Jn by viewing each shaded square as a 1, and each unshaded square as a 0. As « grows, the fraction of entries that are 1 in the adjacency matrix of Jn approaches m < 1 -(1/r). Hence, by Turán's Theorem (see [Bo] ) from extremal graph theory, there exists an N > «, such that for all « > ¿V the graph Jn has a complete subgraph on r+1 vertices. In other words, there are integers 0 < w0 < wx < ■■ ■ < w <: N -1 such that f is (1 -¿>)-dense in the At the end of the introduction, we gave examples of graphs with measure spectra of type (ii), (iii) and (iv). Proposition 2.1 yielded a graph with empty measure spectrum, and Proposition 2.2 produced a graph with measure spectrum [0,1 -1/5] U{1} for each 5 e N+ . 
Insuring that some representation is measurable
The next theorem states conditions under which G has a measurable representation. The proof is a consequence of the following result due to Galvin [Ga] .
Theorem 5.2 [Ga] . Let F ç [0,1] be perfect and nonempty. Let B ç [0,1] be a Borel set symmetric about the line y = x. Then there is a nonempty perfect set P' CP such that P' x P' -{{x,x):x G P'} ç B or Bc.
Blass [Bl, p. 271 ] supplies the following verification of Theorem 5.1. The only nontrivial direction, of course, is (i) => (ii): Suppose, without loss of generality, E is measurable. Let F ç E be an Fa set such that p2(E-F) = 0 and H D E be a Gs set such that p-,(H -E) = 0. Let V = Fl>Hc and observe p2 V = 1 . By Theorem 3.3 (or the result of Mycielski [My] ), there is a nonempty perfect P c [0,1] satisfying P x P -{(x,x)\x G P} c V. By Theorem 5.2, there is a nonempty perfect P' c P such that P1 x P' -{(x,x):x g P1} c F or Fc, which implies P' x P' -{(x ,x):x G P'} c E or Ec. D The proof of Theorem 5.1 has another interesting consequence. Let X be any subset of [0, 1] and define X* = {y -x\ x ,y G X and y > x}. 
Insuring that every representation is measurable
The next theorem states conditions under which every representation of G is measurable. First we need a lemma. The proof is essentially that of Theorem 3.1, p. 375 in [Ba] . It would be interesting to obtain analogues of Theorem 4.1 for directed graphs, hypergraphs, other measures besides Lebesgue measure, and graphs of higher cardinality. With regard to hypergraphs, there is a conjecture known as Turán's Conjecture which is the hypergraph analogue to Turán's Theorem about graphs. Unfortunately this conjecture has eluded proof for over forty years (see Kalai [Ka] ). Thus, we suspect a hypergraph version of Theorem 4.1 will be difficult to establish. The situation for directed graphs looks a little more promising.
